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 Abstract : 
 
 

 

             The main purpose of this paper is to study a new kinds of 
continuous functions called feebly continuous function ,  f *eebly 
continuous  function and f **eebly continuous functions and study 
some of their characterizations and proving number of theorems , 
corollaries , propositions , remarks , examples and  their 
relationships with continuous functions .Also we will introduce      
a new concept of compact spaces called feebly–compact spaces           
(f- compact space) and study the relationship of it with usual 
compact spaces .  
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1- Introduction :-  
 

          The concepts of semi open (s- open) and semi closed      
(s-closed) sets are introduced by N.Levine in (1963)[6] .He 
defined a set A in a topological space X to be s-open if for 
some set G , G   A   cl (G)  where cl(G) denote the colsure 
of G in X. A set is s-closed if it’s complement is s-open . 
      In 1971  S.G .Crossiey and S.K.Hildebrand introduced 
the concept semi closure and they defined it , the semi 
closure of  a set A in a topological space X is the smallest 
semi closed (s-closed) set containing A [3] and denote it by 
scl(A). In fact scl(A) is the intersection of all the semi 
closed sets containingA,Ascl(A)cl(A),scl(Scl(A))=scl(A). 

     Feebly closed  and feebly open set were  introduced by 

Maheswari and Tapi [7] in 1978.   A set  A in a topological 
space X  is   feebly  open   (f-open ) set if there exist an open set 

G such that  G   A   scl (G) . Every open set is feebly open set 

but the converse may be false  . A set is feebly closed if its 

complement is feebly open. Every closed set is feebly closed set 

but the converse may not be true[7]. A function  f  : X   Y    is 

called feebly open (closed) f-open (f-closed) function if the 

image of any open(closed) set in X is feebly open(closed) f-open 

(f-closed) set in Y, and it is called f
*
-open (f

*
-closed)function,if 

the image of each f-open(f-closed) set in X is open (colsed) set 

in Y, and called  f
**

-open(f
**

-closed) function , if the image  of 

each  f-open (f-closed) set in X is  f-open  (f-closed ) set in Y[1]. 
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  2- Preliminaries :-  
 
     The following are known for any mathematician but they are 
written because we need them.  
                 
Defintion (2-1) [4]  
      Let X , Y  be two topological spaces , A function  f : X   Y           

is called  continuous at  x0    X  iff for each open set  H  in Y containing    

f(x0 ) ,   an  open set  G in X containing   x0  such that f(G)H . 

 A function is continuous iff it is continuous at each points of X.  
Defintion (2-2) [4]  
      Let X be any set and  T={A  P(X) : A

c
 is finite } , then (X,T) is called 

cofinite topological space ,and denoted by Tc . 

 

 Remark (2-3) [5 ]  
        A function f : X   Y is called mapping (maps ) if  f  is 
continuous.    
 
Theorem (2-4) [5]  
        Let  X , Y  be two topological spaces then f : X   Y  is cotinuous 
iff the inverse image of every open set in Y is open set in X  . 
 

 
3- Feebly, F*

eebly and F **eebly continuous Functions  
          In this section we introduce new kinds of continuous 
functions called  feebly continuous function,  f *eebly continuous  
function , and f **eebly continuous function, and we study their 
properties and the relationships among them. 
 
(a) Feebly continuous Functions. 
        Here we give the definition of feebly continous function. 
 
Definition(3-1) 
           Let X , Y  be two topological spaces . A function  f : X   Y 

is called feebly continuous  ( f -continuous ) function  if  the 
inverse image of every closed(open)  set in Y  is    f-closed             
(f - open) set in  X , denoted  by   f- continuous mapping  . 
 
Example (3-2) 
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         Let X ,Y    be two topological spaces  on X , and (X,T1)  be  
indiscrete topology on X , (Y,T2) be any topology on Y , 
 f : XY   be any function,  then f  is  f- continuous function . 

 

   proposition : (3-3) 

                    Every continuous function is f-continuous function . 

           Proof : 

                   Let  X , Y  be two topological speace and  f : X   Y   be 
                continuous function,  let A be any open set in Y . 
                 f   is continous function,  then  1f (A) is open set in X. 

           1f (A)  is feebly open set in X, 

           then f  is  f- continuous function.  

                                                □    

Remark : (3-4).  

           The inverse of proposition (3-3) not necessary true as 

        in the following  example : 

              Let X={a,b,c} ,         T1  is indiscrete topology on X  , 

               T2 = {  , X , {a},{b},{a,b}} be another topology on X, 

               and   g:(X,T1)(X,T2) defind as : g(x)=x .  

           Then  g is f- continuous function,because the inverse image 

            for each open (closed)set in T2 is feebly open (closed) in T1. 

           but it is not continuous function because the set {c} is closed in 

           T2 , but 1g {c}={c}  is not closed set in T1. 

  

(b)   F
*
eebly continuous Functions: 

 Defintion 3-5  

       Let X,Y  be two topological spaces .A function  f :X  Y 

    is called  f 
*
eebly continuous function(denoted by f 

*
- continuous)  

if the inverse image of every feebly open(closed) set in Y is open 

(closed) set in X .    

  Example ( 3-6)  

                Let  X,Y  be two topological spaces  and  

                T1   is discrete topology on  X  . 

                T2   be any topology on Y .  

         then  f :(X,T1)  (Y ,T2 ) is f 
*
- continuous function . 

Proposition (3-7)  
         Every f 

*
- continuous function is continuous .  

Proof :- 

          Let X,Y  be two topological speaces  and      

                 f :XY   be   f 
*
- continuous function . 

                Let  A  be any open set in Y, then A is feebly open set in Y, 
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                  f   is  f 
*
- continuous function . 

           1f (A) is open set in X. 

      f   is  continuous function.  

                                                             □     

 Remark (3-8) 
        The inverse of proposition (3-7) is not necessery true as in the 
  following  example: 
     Let   Tu be usual topology on R, Ti be indiscret topology on R   ,     
              f : (R ,Tu)(R ,Ti)  be a function defined by : 
              f(x)=2x     xR    then    
     i-  f  is continuous function because  1f (R)  = R   and  1f ( )=   

             are open (closed)sets in (R ,Tu)  . 
    ii- f   is not  f- continuous function because if  G={2}  is feebly  
        open set  in Ti but 1f (G) = {1} is not open set in (R ,Tu)  . 

 
 ( c)   F **eebly continuous Functions: 

 
Defintion (3-9)  
      Let  X ,Y  be two topologyical spaces , A  function  

         f :XY   is called  f **eebly continuous  function   (denoted by 
        f**-continuous) if the inverse  image  of every feebly open      
(closed) set in Y is feebly open(feebly closed) set in X .  

Example (3-10)  
       In example (3-6)  clearly   f  is f**- continuous function 

 because the inverse image of any feebly open  (closed) set in 

(Y,T2) is feebly open(closed) set in (X,T1) . 
proposition(3-11) 

                    Every f 
*
-continuous function is  f -continuous .  

  Proof :- 

                   By the same method in proving propositions (3-3) and (3-7). 

                                                             □ 
 Remark (3-12) : 
           The inverse of proposition (3-11) is not necessary true as in 
the following example : 

 in remark(3-4) , hence g is f-continuous function because 1g  for each 

closed set in T2 is feebly closed set in T1, and it is  not    f 
*
-continuous 

function because {c} is   feebly closed set in T2   but 1g  {c} = {c}  is not 

closed set in T1. 
 proposition (3-13) 
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    Every  f *- continuous function(mapping) is f **- continuous 
function . 
Proof :- 

        By the same method in proveing propositions (3-3) and(3-7). 
 

                                              □  

 
Remark (3-14)  
    The inverse of proposition (3-13) is not necessary true as in 
the following example .  

           Let  Tu be usual topology on R, Ti be indiscret topology on R,  
                f : (R ,Ti)(R ,Tu)  be a function defind by : 
                   f(x)= x     xR    then                 

i- f  is f **-continuous function because the inverse image of 
any feebly closed set in (R,Tu) is feebly closed set in (R,Ti).  

    ii-     f   is not  f *-continuous function because if  G = (a,b)  is feebly  
            open set  in (R,Tu) but 1f (G) = (a,b)  is not open set in (R ,Ti).  

   
proposition (3-15) 

               Every  f **-continuous function is  f-continuous function.  
 
Remark(3-16)  
    The inverse of proposition (3-15)  is not necessary true as 
in the following example: 

       Let X={a,b,c} , T1 ={ ,X, {a} , {a,b}} be topology on X . 

 andT2={   , X } is the indiscrete topology on X . 

f : (X,T1)   (X,T2) defined by   f (x) =x . 
then : 
i- f  is f-continuous function because the inverse 

image of any closed set in T2 is feebly closed 
set in T1   

                         i.e 1f ( )=   , 1f (X)=X  are feebly closed set in T1. 

           ii- f   is not f **-continuous function because {b} is feebly 
               closed set in T2 but 1f {b} = {b}  is not feebly closed in T1 . 

  The following diagram shows the relation among continuous 
function,f-continuous function,f*-continuous and  f **- continuous 
function.  

 
 
 
 
 
 

 continuous function 
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4- The main Results. 
     feebly compact space (f-compact space)  
    
    In this section we define a new concept of compactness 
called feebly compact space (f-compact space ) and we will 
study it’s relationship with usual compact space . 
Definition (4-1): 

Let (X,T) be a topolegical space , AX . 
A family {Gi : i  } of subsets of X is cover for A iff  A 




i

G , 

and it’s called open cover if the elements of the cover are 
open. 
Definition (4-2): 
       Let a family {Gi : i  }be an open cover of a set A , then if  
their exist finite subset   of     such that  

    A  G =  }:{ 






iG
i

i   then G is called finite subcover of  A. 

Definition (4-3):  
    Let (X,T) be a topological space , X  is called compact space 
iff every open cover of  X  has finite subcover. 
 
Remark(4-4): 

      Let (X,T) be a topological space , A   X  then A is  called 
compact  subset on X , if every open cover of A has finite 
subcover. 
 
Example (4-5): 
   Let  (N,Tc)  be cofinite topology on N, then (N,Tc)  is 
compact space because  : 
  If    U = }:{ iU i  any open cover of  N , let  Uio any set in U  

then N-Uio  is finite set , let  N-Uio  ={n1,n2,…,np}  then their 
exist finite sets Ui1,Ui2,…,Uip   hence  ikUnk   , k = 1,2,…,p    

then the family { Ui1,Ui2,…,Uip } is finite subcover of  N, 

f 
**

-continuous function 

 

f-continuous function 

 
f 

*
- continuous function 

 



Diala , Jour  ,   Volume , 29 , 2008 
 

 

 78 

Hence  (N,Tc)   is compact space. 
 
       Now we present the definition of feebly compact             
(f-compact) space after introducing the concept of feebly 
open  cover   (f – open cover). 
 
Definition (4-6): 
     A family }:{ iVi  of feebly open sets (f-open sets) in (X,T) 

is called feebly open cover (f- open cover) of  A iff   A 



i

iV . 

 
Definition (4-7):  
              A  topological  space (X,T)  is called feebly compact   
(f-compact ) space iff every  f-open cover of  X  has finite 
subcover . 
 
Remark (4-8):  
    In a topological space (X,T) , A   X  then A is called  feebly 
compact  subset (f-compact subset)  on X  ,  if every  f-open 
cover of a set A in X  has finite subcover.  
 
Example (4-9): 
     The topological space in example (4-5)  is  f-compact space 
because the f-open set in N are N,  only. 

  
      Now we will study the relationship betweem compact and 
f-compact spaces and we will find that they are independent 
concepts as in the following examples: 
 
Example (4-10): 
          Let (R,Ti) be the indiscrete topology on R , (R,Ti) is 
compact space but it is not f-compact space , because every 
subset of R is f-open set then the family of singlton set in R  
W={x}  Rx  is f-open cover of R  but W hasn’t finite 
subcover. 
 
Example (4-11): 
       Let (R,P) be a topological space defind on R  as : 
   P= }0:{}{ ARA  . Then (R,P) is not compact space 

because the open cover G={(-n,n):n=1,2,3,…} haven’t finite 
subcover of R , but (R,P)  is  f-compact space  because    the  
f-open set in R are R,  only. 
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Theorem (4-12): [ 2 ] 
  Let   YXf :  be continuous and onto function,  if  X is 

compact space then Y is compact space .  
 
       Now we will study the f-compact propertes 
  
Theorem (4-13): 
          Let   YXf :   be f  -continuous and onto function if  X 

is f-compact space then Y is compact space .  
 
Proof :  Let }:{ iK i  is open cover of  Y . 

               f  is f- continuous function (mapping). 
               }:)({ 1  iKf i  is f-open cover of X . 

                X  is f-compact space. 
              X  has finite subcover  )}(),...,(),({ 1

2

1

1

1

nKfKfKf   

                f  is onto function (mapping) . 
                iKKff ii ,)(( 1  

           },...,,{ 21 nKKK  is finite subcover of Y . 

         Y  is compact space. 

                                                   □ 

Theorem (4-14): 
    Let    YXf :  be *f -continuous  and onto function , if  X 

is f-compact space then Y is f-compact space. 
Proof : 
               Let }:{ iGi  is f-open cover of  Y  ,   

                 f  is *f -continuous  function, 

       then }:)({ 1  iGf i  is  open cover of  X,    

                then   }:)({ 1  iGf i  is    f-open cover of  X, 

                (every  open set is f-open set)[ def  2-3] 
                 X   is f-compact space,  X has finite subcover  

                     )}(),...,(),({ 1

2

1

1

1

nGfGfGf    

                  f  is onto function then    iGGff ii :))(( 1  

              },,,,{ ,21 nGGG  is f-open cover of Y  . 

               Y  is f- compact space.  

                                                 □  
Theorem (4-15): 
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    Let    YXf :  be **f -continuous  and onto function , if  X 

is f-compact space then Y is f-compact space.  
Proof :  
                    Let }:{ iGi  is f-open cover of  Y  ,   

                 f  is **f -continuous  function, 

       then }:)({ 1  iGf i  is    f-open cover of  X, 

                 X   is f-compact space,  X has finite subcover  

                     )}(),...,(),({ 1

2

1

1

1

nGfGfGf    

                  f  is onto function then    iGGff ii :))(( 1  

              },,,,{ ,21 nGGG  is f-open cover of Y  . 

               Y  is f- compact space.                                                       

                                                 □ 
 
Remarks (4-16): 
  1-   Let X, Y be two topological spaces and let YXf :  be 

function , if A is compact subset of X then: 
i- f(A) is compact subset of Y, if f is open 

function and bijective function . 
ii- f(A) is f- compact subset of Y, if f is f-open 

function and bijective function .  

2- Let X, Y be two topological spaces and let YXf :  be 

function , if A is f- compact subset of X then: 

i- f(A) is compact subset of Y, if f is 
*f -open 

and bijective function . 
ii- f(A) is f- compact subset of Y, if f is **f -

open and bijective function . 
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أ.م.د. سعد ناجي العزاوي 
(1)

, م.م.جمهور محمود العبيدي 
(2)

, أكو سعيد 
(3 ) 

 

 قسن الرياضياث–كليت العلوم للبناث –جاهعت بغذاد     -8

8-
 

 قسن الرياضياث -كليت التربيت الأساسيت -جاهعت ديالى

8- 
 دائرة التخطيط والذراساث–التعلين العالي والبحث العلوي وزارة 

    

 

 المستلخص:

سيييتن  ييي اييما العوييأ دراسييت ة وييال جذيييذة هيية الييذوا  الوسييتورة  سييوى  

, الذوا  الوسيتورة  (feebly continuous)الذوا  الوستورة الواانت 
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والييييييذوا  الوسييييييتورة   (f*eebly continuous)*الواانييييييت

ودراسيت بعيخ ايواذ ايم      (f**eebly continuous)**الواانيت

الأ وييال وبرانييت مييذد هيية الوبرانيياث والنتييائل وال بييايا الخا ييت بييمل   

وامطيياع مييذد هييية الوالأميياث والأهةليييت ودراسييت ماقت يييا هيي  اليييذوا  

الوستورة . وكمل    ذين  يغت جذيذة هة  يي  الضبياعاث الور و يت 

 (f-compact space) سييييوى الضبيييياعاث الور و ييييت الواانييييت 

ودراسيت ماقت يا هي  الضبياعاث الور و يت ادمتيادييت وبرانيت بعييخ 

  الوبراناث والوالأماث والأهةلت التي  بية  ل  العاقت.    
 

 

 


