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Abstract :

The main purpose of this paper is to study a new kinds of
continuous functions called feebly continuous function , f “eebly
continuous function and f “eebly continuous functions and study
some of their characterizations and proving number of theorems ,
corollaries , propositions , remarks , examples and their
relationships with continuous functions .Also we will introduce
a new concept of compact spaces called feebly—compact spaces
(f- compact space) and study the relationship of it with usual
compact spaces .
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1- Introduction :-

The concepts of semi open (s- open) and semi closed
(s-closed) sets are introduced by N.Levine in (1963)[6] .He
defined a set A in a topological space X to be s-open if for
some set G, G c A c cl (G) where cl(G) denote the colsure
of G in X. A set is s-closed if it’s complement is s-open .

In 1971 S.G .Crossiey and S.K.Hildebrand introduced
the concept semi closure and they defined it , the semi
closure of a set A in a topological space X is the smallest
semi closed (s-closed) set containing A [3] and denote it by
scl(A). In fact scl(A) is the intersection of all the semi
closed sets containingA,Acscl(A)ccl(A),scl(Scl(A))=scl(A).

Feebly closed and feebly open set were introduced by
Maheswari and Tapi [7] in 1978. A set A in a topological
space X is feebly open (f-open) set if there exist an open set
G such that G < A < scl (G) . Every open set is feebly open set
but the converse may be false . A set is feebly closed if its
complement is feebly open. Every closed set is feebly closed set
but the converse may not be true[7]. A function f : X - Y s
called feebly open (closed) f-open (f-closed) function if the
image of any open(closed) set in X is feebly open(closed) f-open
(f-closed) set in Y, and it is called f -open (f -closed)function,if
the image of each f-open(f-closed) set in X is open (colsed) set
in Y, and called f -open(f -closed) function , if the image of
each f-open (f-closed) set in X is f-open (f-closed ) setin Y[1].
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2- Preliminaries :-

The following are known for any mathematician but they are
written because we need them.

Defintion (2-1) [4]
Let X, Y be two topological spaces , A function f: X - Y
is called continuous at X, € X iff for each open set H in Y containing

f(x,), 3 an openset Gin X containing X, such that f(G) = H .
A function is continuous iff it is continuous at each points of X.
Defintion (2-2) [4]

Let X be any set and T={Ae P(X) : A®is finite } , then (X,T) is called
cofinite topological space ,and denoted by T, .

Remark (2-3) [5 1]
A function f : X — Y is called mapping (maps ) if f is
continuous.

Theorem (2-4) [51]
Let X, Y be two topological spaces then f: X — Y is cotinuous
iff the inverse image of every open set in Y is open set in X .

3- Feebly, F eebly and F “eebly continuous Functions

In this section we introduce new kinds of continuous
functions called feebly continuous function, f “eebly continuous
function , and f ““eebly continuous function, and we study their
properties and the relationships among them.

(a) Feebly continuous Functions.
Here we give the definition of feebly continous function.

Definition(3-1)

Let X, Y be two topological spaces . A function f: X - Y
is called feebly continuous ( f-continuous ) function if the
inverse image of every closed(open) setinY is f-closed
(f- open) setin X, denoted by f- continuous mapping .

Example (3-2)

Yy



Diala , Jour , Volume, 29, 2008

Let X,Y be two topological spaces on X, and (X,T,) be
indiscrete topology on X , (Y,T-) be any topology on Y,
f:X->Y beany function, then f is f- continuous function .

proposition : (3-3)
Every continuous function is f-continuous function .
Proof :
Let X,Y be two topological speace and f: X - Y be

continuous function, let A be any opensetinY .
-+ f 1is continous function, then f*(A)is open set in X.
- *(A) is feebly open set in X,
then f is f- continuous function.

l
Remark : (3-4).
The inverse of proposition (3-3) not necessary true as
in the following example :

Let X={a,b,c}, T, is indiscrete topology on X

T,={¢ , X, {a},{b}{a,b}} be another topology on X,

and g:(X,T)—(X,T,) defind as : g(x)=x .
Then g is f- continuous function,because the inverse image
for each open (closed)set in T, is feebly open (closed) in Tj.
but it is not continuous function because the set {c} is closed in
T, , but g*{c}={c} isnot closed set in T;.

(b) F’eebly continuous Functions:
Defintion 3-5
Let X,Y be two topological spaces .A function f:X— Y
is called f “eebly continuous function(denoted by f - continuous)
if the inverse image of every feebly open(closed) set in Y is open
(closed) setin X .
Example ( 3-6)
Let X,Y be two topological spaces and
T, is discrete topology on X .
T, be any topologyonY .
then f:(X,T)— (Y T,)is f - continuous function .
Proposition (3-7)
Every f - continuous function is continuous .
Proof :-
Let X,Y be two topological speaces and
f:X—>Y be f-continuous function .
Let A beanyopensetin,then A is feebly opensetin,
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.- f is f - continuous function .
. f71(A)isopensetin X.
.. f is continuous function.

O
Remark (3-8)
The inverse of proposition (3-7) is not necessery true as in the
following example:
Let Tube usual topology on R, T; be indiscret topology on R ,
f:(R,Ty)—>(R,Ti) bea function defined by :
fix)=2x V xeR then
i- f is continuous function because f*(R) =R and f*(¢)= ¢
are open (closed)sets in (R ,Ty) .
ii- f isnot f- continuous function because if G={2} is feebly
open set in Ti but f*(G) = {1} is not open set in (R ,Ty) .

(¢) F “eebly continuous Functions:

Defintion (3-9)
Let X,Y be two topologyical spaces , A function
f:X>Y iscalled f*“eebly continuous function (denoted by
f7-continuous) if the inverse image of every feebly open
(closed) set in Y is feebly open(feebly closed) set in X .
Example (3-10)
In example (3-6) clearly f isf*- continuous function
because the inverse image of any feebly open (closed) set in
(Y,T),) is feebly open(closed) set in (X,T,) .
proposition(3-11)
Every f "-continuous function is f -continuous .
Proof :-
By the same method in proving propositions (3-3) and (3-7).

[
Remark (3-12) :

The inverse of proposition (3-11) is not necessary true as in
the following example :
in remark(3-4) , hence g is f-continuous function because g for each
closed set in T, is feebly closed set in T,, and it is not f “-continuous
function because {c} is feebly closed setin T, but g™ {c} = {c} is not
closed set in T.

proposition (3-13)
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Every f*- continuous function(mapping) is f **- continuous
function .
Proof :-
By the same method in proveing propositions (3-3) and(3-7).

[

Remark (3-14)
The inverse of proposition (3-13) is not necessary true as in
the following example .
Let Tube usual topology on R, T; be indiscret topology on R,
f: (R, Ti)>(R,Tu) be afunction defind by :
f(x)=x ¥ xeR then
i-  f isf*™-continuous function because the inverse image of
any feebly closed set in (R,T\) is feebly closed set in (R, T;).
ii- f isnot f -continuous function because if G = (a,b) is feebly
open set in (R,Ty) but f*(G) = (a,b) is not open set in (R,Ts).

proposition (3-15)
Every f™-continuous function is f-continuous function.

Remark(3-16)
The inverse of proposition (3-15) is not necessary true as
in the following example:
Let X={a,b,C} ’ Tl ={¢}X7 {a} ’ {aab}} be tOpOlOgy onX.
andT.={ ¢ , X } is the indiscrete topology on X .
f: (X, T) » (X,T.) defined by f(x) =x.
then :
i- f is f-continuous function because the inverse
image of any closed set in T is feebly closed
set in T,
ie f(¢)=¢ , f*(X)=x are feebly closed set in T;.
ii- f is not f**-continuous function because {b} is feebly
closed set in T> but f *{b} = {b} is not feebly closed in T, .
The following diagram shows the relation among continuous

function,f-continuous function,f-continuous and f **- continuous
function.

/ continuous function \

A
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f-continuous function> C “- continuous function

f “-continuous function

4- The main Results.
feebly compact space (f-compact space)

In this section we define a new concept of compactness
called feebly compact space (f-compact space ) and we will
study it’s relationship with usual compact space .
Definition (4-1):

Let (X,T) be a topolegical space , AcX.
A family {G; : ie A} of subsets of X is cover for Aiff Ac| JG,,
ieA

and it’s called open cover if the elements of the cover are
open.
Definition (4-2):

Let a family {G; : i< A }be an open cover of a set A , then if
their exist finite subset A, of A such that

Ac G= [ {G;:ieA,} then Gis called finite subcover of A.

ieA,
Definition (4-3):
Let (X,T) be a topological space , X is called compact space
iff every open cover of X has finite subcover.

Remark(4-4):

Let (X,T) be a topological space , A ¢ X then Ais called
compact subset on X , if every open cover of A has finite
subcover.

Example (4-5):

Let (N,Tc) be cofinite topology on N, then (N,T¢) is
compact space because :

If U={,:ieA} any open cover of N,let Uy any setin U
then N-Uj, is finite set , let N-Ui, ={ni,n.,...,np} then their
exist finite sets Uii,Uis,...,Up hence nkeU, ,k=1,2,.,p
then the family { Ui;,Uis,...,Ujp } is finite subcover of N,
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Hence (N,Tc) is compact space.

Now we present the definition of feebly compact
(f-compact) space after introducing the concept of feebly
open cover (f— open cover).

Definition (4-6):
A family {v, :i e A} of feebly open sets (f-open sets) in (X,T)
is called feebly open cover (f- open cover) of Aiff A c[Jv;.

ieA

Definition (4-7):

A topological space (X,T) is called feebly compact
(f-compact ) space iff every f-open cover of X has finite
subcover .

Remark (4-8):

In a topological space (X,T), A c X then A is called feebly
compact subset (f-compact subset) on X , if every f-open
cover of a set A in X has finite subcover.

Example (4-9):
The topological space in example (4-5) is f-compact space
because the f-open set in N are ¢,N only.

Now we will study the relationship betweem compact and
f-compact spaces and we will find that they are independent
concepts as in the following examples:

Example (4-10):

Let (R,T;) be the indiscrete topology on R, (R,T;) is
compact space but it is not f-compact space , because every
subset of R is f-open set then the family of singlton set in R
W={x} vxeR is f-open cover of R but W hasn’t finite
subcover.

Example (4-11):
Let (R,P) be a topological space defind on R as:

P= {g}U{Ac=R:0< A}. Then (R,P) is not compact space
because the open cover G={(-n,n):n=1,2,3,...} haven’t finite
subcover of R , but (R,P) is f-compact space because the
f-open set in R are ¢,R only.

AY



Diala , Jour , Volume, 29, 2008

Theorem (4-12):[ 2 ]
Let f:X —Y be continuous and onto function, if Xis
compact space then Y'is compact space .

Now we will study the f-compact propertes

Theorem (4-13):
Let f:X —»Y bef -continuous and onto function if X
is f-compact space then Y is compact space .

Proof: Let {K, :i<cA} is open cover of Y.
-+ f is f- continuous function (mapping).
. {f*(K,):ieA} is f-open cover of X .
-+ X is f-compact space.
.. X has finite subcover {f*(K,), f *(K,),..., f *(K,)}
-+ f is onto function (mapping) .
L F(FY(K) =K, VieA
.. {K,,K,,..,K } is finite subcover of Y.
.~. 'Y is compact space.

O
Theorem (4-14):
Let f:X Y be f"-continuous and onto function, if X
is f-compact space then Y is f-compact space.
Proof:
Let {G, :i € A} is f-open cover of Y ,
fis f"-continuous function,

then {f *(G,):i e A} is open cover of X,

then {f'(G,):ieA}is f-open cover of X,

(every open set is f-open set)[ def 2-3]

-+ X is f-compact space, .. X has finite subcover

{f G, (G, F (G}
-+ f is onto function then f(f *(G,))=G, :VieA
{G,.G,,,,G,} is f-open cover of Y
Y is f- compact space.

O
Theorem (4-15):
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Let f:X —Y be f”-continuous and onto function, if X
is f-compact space then Y is f-compact space.
Proof:
Let {G, :i € A} is f-open cover of Y ,
f is f " -continuous function,
then {f *(G,):ieA} is f-open cover of X,
-+ X is f-compact space, .. X has finite subcover
{f (@G, T (G,), (G}
-+ f is onto function then f(f *(G,))=G, :VieA
{G,,G,,,,G,} is f-open cover of Y
Y is f- compact space.

O

Remarks (4-16):
1- Let X, Y be two topological spaces and let f: X —Y be
function , if A is compact subset of X then:
i-  f(A)is compact subset of Y, if fis open
function and bijective function .
ii-  f(A)is f- compact subset of Y, if fis f~open
function and bijective function .
2- Let X, Y be two topological spaces and let f: X —Y be
function , if A is f~- compact subset of X then:
i-  f(A)is compact subset of Y, if fis f -open
and bijective function .
ii-  f(A)is f- compact subset of Y, if fis -
open and bijective function .

References :-

1- AL.Obaidi J.Mahmoud On feebly closed functions
To appear in Al-fath , Journal Diyala University .

2- Al. Mayahy F.Jameel On 0 - G - closed Mappings
M.sc. thesis Al - Mustansiriya University 2002.

3-Das.P, Note on some applications on semi open sets

progress of Math, Allahabad University,India.
4- Hu. S.T. ; Element of General Topology,

At



Diala , Jour , Volume, 29, 2008

Hadden .Day Inc. San Francisco,(1965).

5- Husain. T . Topology and Maps ,Mathematical concepts
and Methods in Science and Engineering,(1977).

6- Levine.N semi open set and semi continuity in
topological spaces . Amer. Math.Monthly,(1963).

7- Maheshwari S.N & Tapi U. Feebly open sets . Ann ,
Univ . Timisoaras. (1978).

8- Navalagi G.B (Definition bank) in General
topology.Internet (2000).

9- Steen .L.A. ; Counter examples n

Topology,(1970).

2l g1 3 yaiaaall J1 52l J g
1) g dm gyl clgLiadll

(V).\,p.u S8« (*)954,,\,\:1\ J9a3a Jggad. a0 ¢ (") ¢ 9 AL s _J_e_i

Gl and - cilill bl IS iy daads oy
il ) o gl Ay IS - M Al Y

Sl all g Jashadsll 3 o palall Saaall g dadl aidaill 350 55 Ly

s oadlival)

s B yaianall J)sad) (a ajan Jaladl Al 5o Juand) 128 8 s
3 yatual) J)gall (feebly continuous) daal ol 3 jaiual) JI gall

Ao



Diala , Jour , Volume, 29, 2008

s el Jlsa s (fleebly  continuous) 4l
sa (al sa (Al 35 (feebly continuous) ~ Aal s
llay dalall Lliaill g il g el juall (e ae da y g el
sl ae LgiBle Al ja 9 ALY 5 il daaMall (e 2e llacl
da pa yall Qileliadll diia (he B Dpa o SIS 5 3 il
(f~compact space) ) gl A a pea pall ileliadll o

ARl @l ) ALY g claadlall 5 clia )

AT



